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INTRODUCTION

One of the chief factors in the g&zmmem}. growth of the science
of eleetricity and wagnetism has been the relative simplicity with which
the laws of this science have been fommlated. For example, the laws
of electric eircuits can be stated with almost the same degree of exact-
ness as the theorems of geometry. The distribution of efectric currents
and potentisls in an electric cireuit is determined by the arvangement
of various materials, their electrisal end magnetic properties, and a
complicated set of boundary conditdons. For direct currents and lows
i‘reqﬁemy alternating currents, the electrical and magna’bic properties
(exclnding ferromagnstic materdals) and the boundsry conditions are
relatively simple and nearly constant. Consequently, definite values
of resistance, inductsnce, and capscitance can be assigned bo particus
lar portions of an electric eircuit, each pmﬁ.am being knoun s a
circuit element, Moreover, since these cireuit elements have finite
physical dimensions, the values of resistance, inductance, and capacie
tance assigned to these elements are lnown as lumped constants or lumped
parameters. For slternating currents of higher frequencies these lumped
parameters are no longer nearly constant but functions of frequency;
also, the idea of lumped parameters must yleld to the more tenable cone
cept of distribubted parameters. At very high frequenciss the concepts
of glectric and magnetic fields must take complete precedence over the
lumpedweircuit concepts. Thus, it can be seen that the properties of



elsctric cireuits are not fundamental in themselves ut are very
practical equivalents of ﬁmemmgmm field configurations asso-
ciated with ﬁaaful electrical components..

Tn order that the proper perspective be established for the object
of this thesis, namely, an investigation of the slectrical properties
of m:!.&.a at. hi@m* mexugrmm, a Mw of mmu.w concepts and their
?audwby um mm be given, This Weﬁm m:s. be teMaé by a care~
ful aam;mm of t;ha eoil mblm and a ﬁmm@aﬁmn of mﬁm
%&m@w ﬁmalam for mmmmm of wnmﬁter losses a5 & function
of Mqumay« Finally, a murmm of experiments parfmad and ve-
sults obtained will be given. |
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L

of elements in whioh these parameters are peparable by one means or
another, ,

 The fundamental assumptions inherent in the definitions of resiste
ance, inductance, and capacitance are not nearly so well known as are
the parsmeters themselves; in fact, the g&»ﬁa&a were the result of

 basic experiments conducted at wero or low frequencies. Ounly when

Maxwell's equations were applied to electris-cireuit theory were the
fundamental assumptions imherent in the e¢ireuit concepts fully realized.
The earliest published paper on this subject was written by J. R. Carson, 2

Since then, at lesst two texts on electromagnetic phenomens have been 8o
written as to include a treatment of these assumptions.3s b  The first
basic assumption, namely, that the velocity of electromagnetic propa-

sondustor of the distance along the conductor parallel to the current
flow, and an infinite wavelength of the electromagnetic disturbance,
The second fundamental sssumption may be atated two ways, either that all

eloctromagnetic fields between parts of & circuit or cirouits except in

well-defined local regions,; such as muitual inductances between coills,

with the aforesald assumptions is too involved to be deseribed briefly



5
yet intelligibly 4n a few pages. It is sufficient to say that Carson,®
King,? and Remo and Whimery! have treated this problem very admirebly.
What is really pertinent to this thesils, however, is the practical
significance of these postulates wlth respect Vo eireuit theory, ovoth
in general and with particulsr emphasis on colls used at eudie and
higher frequencles.

For directecurrent networks all these basic assumptions are exact,
and the network parameters (resistance, inductance, and capacibtance) are
wholly unique. In other words, each pavemeter is a function only of the
naterial and geometry of the c:ir@ﬂ.tr component to which that paramster
applies and is, except for mitusl i | t of the way in
which that eircuit compenent is commected in a circult and of the orienw
tation of the Wﬁs component with respect to its environment, which
is assumed to consist of stationary fields omly. The practical signifi-
gance of this uniqueness of the cireuit parameters is that resistences,
inductances, capacitances, and even mitual impedances for direct-current
networks can ba‘m:ltgxwﬁ and given specific mmerical labm without
regard to the network in which these parameters are esployed. In other
words, a network can be conceived as being compoged of lumped constants.
For alternating.current networks these fundamental assumptions are no
oximate. At very low frequencies these approxi-
maticons are very good, but as the frequency sesle ia asam these
approximations become poover and poorer until they become wholly untenable,
However, the usefulness of the simplified theory based on networks with

longer exact but are apm




stants makes desirable the modification of the eircuit pare~
meters, recognisging the latter as functions of frequency. The phencmens:
of skin afféﬁt iz handled in this manner; the concepts of distributed
capacitanee of & coil and of distribubed eonstants of & transmission line
are typieal examples of modified parameters. In generaly sdjustment of
the eireuit parameters as the freguency is increased is accomplished by
mations and by reducing the seope of those

lumped ©

that are a‘bil}. retained,

‘ It is congidered appropriate at this point to axamine the validity
of these fundamental ms*hxlawﬁ.mm applied to altermatingecurrent
systems: The first basic assumpiion; which concerns the velocity of
propagation; affects the phase shift of mmm and currents in the
%ma pwﬁa of 2 circuit and amamxmzy the propagation of energy.
Thm& thap@mmumdwm &tthammmmdefamwanw
mission line will not, in general, be in phm with the corrsspa d:mg
qummﬁ.tma at t&m am&:ing end m will d&ﬂw in phase bzr an anount
Wﬁm& tn the time M‘ mmgatﬁm m the one end to the other.
1t 'bh@ wm:i:hy of ;smpaga%m :La v mﬁ the gmamw frequeney £, the
ﬁmman&mxmma gmmis‘ (in time units), and the

phmaahiﬁ‘hﬁ.sgimu

Crz?mm, o (22)

as E.wax radians, - (2v)
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Table 1. Comparison of Radiation and Skin Effects

Frequency Radiation  Conductor
 (cycles per Resistance Resistance
second) " (ohms) (ohms)

107 0.877 0.04096
208 g.77:20%% o,01304

105 8.77x10°5 0.004217
104 8,77x10~7 04001431
2000 8.7720°  0,000881
100  8gmaoci o,000822
10 8,77x10713 0,000522
0 0 0.000522

resigtance is 1 per cent of the conductor resistance near 63 kilocycles

‘w second, is 10 per cent near 298 kileuycles per ﬁeﬁm&, and is equal

to the eonductor resistance near 1.3 megacycles per second.

 The validity of the second basic assumption, which concerns skin

and proxinity effects, s a function of not only the freguensy but also
the electrical resistivity, magnetic permeability, and physical dimensions.
For exauple, copper conductors of ciroular sross sections but of unequal
damsters will not exhibit the phencmenon of sicin effect to the same degres
at the same frequency; in fact, the larger wire will exhibit more skin




mparison of Radistion and Skin Effects.
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10

effect than the smaller, Likewise, an iron wire will have more skin
effect than a copper wire of the same size and used at the same frequency.
If x be defined! as |
xwpV WET, - (3)

where r 18 the wire radius, w the angular frequancy, A4 the sbsolute
magnetic permesbility of the wire, and @ the electrical conductivity of
the wire, it can be shown that a variation in x from O to 1,2 will result
in an increase of 1 per cent in the resistance of an infinitely long cone
dictor of eircular oross mman;”. Because x is an important dimension.
Zaké parameter in the amalyeis aa‘: sidn and proximity effects, it is
proposed that this quantity be called the "skin-effect mmber". The
mﬂ.mda of the proximity affm is a funetion of all these thinge and
of the mmr separation.

mnally, there remains to be considered the validity of the third
basic aﬁanmpfmon, mwmg o whwlm electromagnetic mpung is neglie
giibiia everywhere mapt in welledefined reglons, The first ccnsideration
is a series of facts pertinent %o the wb:}aet of coupling. {1) There is
an slectrle fisld asmocisted with every charge and with every changing
magnetic fleld, (2) There is a magnetic £isld associated with svery cur-
rent and with every changing electric field. (3) These electric and

*he yationalized MES system of unite is used throug ‘mx*h this thesis,
If the elestromagnetic system of units is used, the r:!.g}x% side of Equation
3 mugt be miltiplied by 297
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magnetic fields extend to infinity theoretically, though practically

they become negligible at finlte distances from their respective sources..
(L) Both electric and magnetic fields consist of two signif
ponents; one is the induction component and varies inversely as the
square (magnetic) or cwbe (electric) of the distance from its dipole
source, and the other is palled the radiation component and varies ine

pant come

versely as the first power of the distance from its dipole source.* At
a digtance of gr-”.- of a wavelength from their dipole source both components

are equal, the induction component being the larger of the two at shorter
distences and the radiation component likewise at longer distances. Thus,
at very low frequencies (or very long wavelengths) the induction component
predominates to the almost complete exclusion of the radiation component
in most practical sircuits. (5) The strength of the magnetic field very
close %o the dipole seurce (mch less than yi-- of & Wavelength distant)
is nearly independent of the frequemcy of the source, while the strength
of the electric field in this region varies approximately inversely as
the frequency of the mmm On the other hand, at points remote from
the dipole source the strengths of both electric and magnetic fislds vary
almost directly as the frequency of the source. |

The facts just listed as well as others show that while elsctroe
magnetiec coupling exisis between every pair of points in space, whether
free or occupied, for practical purposes such coupling is negligible

*See page 430 in Hefevence k.
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except between ipain’w not too far apart. This statement must be vague
because of the arbitrary conditionms involved. The rate of change of cone
centration of charge or of current or of both at a point determine the
strength of signal emitted therefrom; how far away from this first point
a second point can be and still detect the signal depends not only om
the attermation of the signal over the distance traveled but slso on the
minimum strengbth of signal that can be detected at the second point.
Hence, there is no sharp line of demarcation beyond which it can be said
no signal can be detected, and the same is true for frequency., Another
important practical consideration is the relative strengths of signals
being received at a point from all aﬁhex* pamtéx. Thus, a relatively few
signals received at a point m.hma such strength as to cause all other
signals received to be negligible by comparison.

In conclusion, it ¢an be said that a rigovous application of
Maxwell's field équations shows cireult concepts to be untenable except
for their great aid to practical elmmms‘bic problems and then only
where the approximations n},a.;m' which these goncepts are based are reasone
ables Without the aid of these and other approximstions quan‘b&h&tive
use of Maxwelll's equations would be prohibitive. Therefore, in any

electromagnetic problem it is importent to know the number and scope of
approximations that can be made in the light of resulis to be attained.
For the purposes of this thesis the validity of these approximations for
frequencies between 10 and 100,000 cycles per second (correspe
wavelengths between 3 and 30,000 kilometers) will be of chief concern.
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THEORETICAL APPROACH

Busgic Helations

As has been stated in the preceding sections, the chosen scope of
this thesis is the study of the relation between the electrical properties
of coils and frequency in the sndic range. In this partiowlar region of
the frequency spectrum the wavelengths are wery long comparsed to the
dinengions of most pmetmai coils; hence, it is jﬁatpif?iahla in this in-

stance %o regard the velocity of electromagnetic propagation as infinite.
Since this velocity v 1s related to magnetic permeability A and dielsc
tric constant or permittivity € by the relation
, 1 ,
VR — , (k)
/4 A €

the implication is that either A or { 1is mero, Without a finite

there would be no magnebic field. Accordingly, Maxwell's equations as
modified for the convenlent analysls of skin and proximity effects are
(in veetor notation)®

-y y

(sb)

#5 horizontal bar sbove a letter denotes s vector quantity, where
the same letter without the bar denotes a scalar quanbity.
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The quantity ¥ is defined as the magnetic intensity, T as the electric
intensity, ¥ as magnetic flux density, { as electric current density,
and 7 as electrical conductivity. All quantities except the last are
vector quantities, The fivst equation sbove also includes Om's law.
Both equations govern all sikineeffect phenemgna in conductors to the exe
tent that charging currents in dielectrics can be neglected.

A8 has been shown by Ramo and Whimery,% Bquations Sa and 5b can be
manipulated so as to yield the following relationss

(6a)
2F ., &
V[..O"/u 57’ (&3)
2. 20
V=i =ocm 37 | (6e)

These squations are scmebimes known as the skineeffect or distribution
equations. For simsoidal time variations of H, &, and { ‘these suaw
tiene become

2 ~ X 7 .
V’q:/wr’“//); (7a)

= iy
VLspest s (7o)

27 = ‘w o Z.
2 A (7¢)
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Over a decade pasged befors further studies of the problem of awc
goil resigtance were published, Only those which were fundsmental will
be cited. In 1920 G, W. O. Howe®® 7 applied trensmission-line bech-
niques to colls, His theoretical approach, which sppears to be original,
is equivalenmt to thg more widely recognized basic approach. As in all
other cases described in this thesis, Howe's work is to be distinguished
by his choice of boundary conditions. At lower frequencies he assumed a
single-~layer coil wound with rectangular wire to be a transmiseion line
for radial flow of energy. Omlssion of energy flow other than radial is
equivalent to the often<used concept of current shests. Hewe improved
upon this coneept, howaver, by assuming the relative permeability to be
the ratio of the axial dimension of the square wire to the coll piteh
instead of unityy thus, he compenssted partially fer loosely wound coils,
Coils witt; round wire were approximated by colls of square wire of equal
cross seetion, 7

Howe's treatment of melayer coils was rather novel., For infinitely
long coils he assumed the magnetic field stremgth to vary stme in
the proportion of 0, 1, 2, ~=v, m a8 one counts the air spaces beginning
with the one outside the coil and progressing inwardly from one anmulay
space to the next until the innermost air space is resched, Consistent
with this assumption, he divided the anmilar cross section of each turn
into two anmular halves and assumed currents to be mm.ug in each
anmalar portion in the same proportion as the strengths of the respective
adjw&xt fields. The currents in the two halves of any turn were assumed
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to flow in opposite directions, the current in the immer half being in
the same divection as the prevailing ecoil current. Thus, & survey of the
coil current distributien, starting with the outer layer and moving toward
the axis, would show the following:

1 0

=R

ﬁﬂénpvﬁ.{gH

- e e

n | w(me1 )T

The foregoing assumptions were the boundary conditions fbr the treatment
of the coll as a series of radial transmission lines, one for each layer,
each line except the cutermost being supplied with power from both ends
and the cutermost line from one end only, This technigue is very elee
gant but wholly neglects the radial components of the Wﬂc £isld of
the ooil.

For short single-layer ewm Howe used the results for long colls
except that the field strength on the immer aidé of the central tum

scted to what it would be for the short coil. This correction
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factor was a;apliad to the already mﬁﬂﬁ'ﬁ’eﬁ rmtiva pmeabili'&;n ' Bath
modifications of the xﬁalatiw! pamaabmty are lagﬁ;mm%e amsgi insafw
as they fail to include the cemplicated effects of the eddy eurrents on
the field distribution.

Howe follewed his thm%mai work with experiment &, uaing the
Polsen src as an sxeiter and & calorimster scheme, In the light of
methods and apparatus now available, his experimental results fall short
of being relimble. Hence, the discrepancies bebween his caleulations
and date were really too great to be a:!mpily explained. Z‘E nsy bé said
in conclusion that Howe's chief comtribution o the problem of coll
analysis was the transmission-line technique.

What is belisved to be the outstanding contribution to the solution
of the problen of the resistance of coils excited by alternating curremt
is the work of Buttervorthl® 11, 12 oy gtimilsted by that of Hicknanl3
and supplemented by that of Arnold M In waa zmmmm gave an
exact amlysia (m};ﬁz for negleet of a 1t enrrents) of “&he sddy-

invardant with respect to points along the axis of the cylinder. Using
Poynting' s theorem, Butterwerth ﬁatam&nmi the rate of mergy ﬂm into
the eylinder for a unit lsngth. Because of 1its fundamenta’ mpartmm
this awmm is given in appm A+ Since the W&m fisld was
general except for the restrictions mentioned above, Butterworth's results
up to this point were equally general. He applied his results to the case
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of intermediate &eaimh 3&‘%3&!; *ﬁh&r&iﬁe@l mwﬁuﬁm and wmeal
mma: &m&lﬁ mﬁa these axi*.mmnﬁ, bat he m :wﬁ establish then by
wrigemamma ﬁwmpwulnrgmya Waﬁf@m&am
tables and a diamam of mir mmmns in accuracy end scope.
Ganﬁmatﬁ.m of '&m fﬁmm aﬁd tables was based on the empamem b&o
tween caloulated valuss and the experimental data of Medmrstl? for 39
coils, Arnocld's results were m the wmm 2% per cent below those of
Medhurst. Am@m*s results ehwm Kmm'a mmm data by a

Wr of § per mm

Amold's formmla for a coll of any length and baving any mumber of
turns is as follows: ‘

ﬁ@[a +7‘°‘2f;(ﬁﬂ,+b’4z)](}u?). )

The factor 1 + F 1s the skinmeffect ratio for an isslsted oylindrical
condugtor of infinite length. The tern & 18 the proximity-sffect
term amﬁ is & function of x, whﬁm is d&ﬁm& by E;qm*b:wn 3y and of the
mm 7 of m wire diameter ‘!:«:; t&w s&watim of ﬁma.. The qumtity

o mffmea of 5% per cert with an estimsted w&rmm £
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X is strictly a function of x and is related to the induction of
eddy currents in a conductor by an e::‘wmalaltemmng field, The face
tor (s‘al +Y uy is m‘bhar proximity-effect relation, the first term re-
lating to the transverse c&mpqnmtal of the magnetde fiecld and the second
to the tangential componcntss All these quantities are tebulated :i.n
Arnold! s paper for a rmga of values of coil paramsters. Although the
above work appears to be quite satisfactory, it is only for singla«»iayer
coils, It was considered desirable, thérefare;, to give more atbention

to miltilayer coils in the remainder of this thesis.

Mpess& Method af Attagk

In all the spproachies just described approximations were made in
both the fundamentals and the specific applications of these fundamentals,
Only in the work of Butterworth wem the basie mh&méhigs found to be
derived with scceptable approﬁm%éna s the lebter being wholly limited
to the elearly defined assumptions. In order to aveid the enormous
labor of exact calculations Bubberworth applied his theory only to coils
of extreme 'éesign, :iegleating the coils of intermediate proportions.

As indicated in the preceding section ArnoldM extended Butterworth's
applied theory by semisempirical means to aingl%lam solenoids of
nearly all proportions. Close agreement between m&a*ﬁs formulation
and Medmirst's experiments on 3§ coilsl? geems to establish the validity
of Arnold's work, especially since each man acaemplismé his abjéctive
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has been the accurate determination of the mean square field of the coil,
not because of the ma*&hmatical hurdlss Wt due to the extremely large
mmber of compuiations invelved. One of the improvements Aymold made in
the application of Butterworth's basic theory was a more precise deter-
z%ﬁm“bimn of the maém. square magnetic field for many configurations of
gingle-layer coils, Igroring }csnly the helielty of the coil, Arnold come
puted by means of exmet formulas the radial and axial components of the
magnetic field on the wire axis (not the coll axis) of each turn as the
result of uniformly distributed cm.rrént in the remaining turns. It is
proposed that this pame refinement be extended to multilayer coils,

As shown in Appendix A, the average power dissipation per unit
length of an infinitely },cmg cylinder exposed to a uniform alternating
magnetde fleld transverse to the axis of the cylinder is piven by the
following expressiont

P 2
%g&#ﬁ al{x). ()

As indicated by Butterworth, this relation is applicabls Yo a coll which
is nob kc:lmal;syr wmmé and whose wire dismeter is small campared to the
coil diameter, Both of these ?ashrieﬁmsz v&liﬂéﬁe the assumption that
the magnetic field is uniform throughout any particular cross section of
ﬁha wiré in the winding. .?emamagmiw the pwﬁdmity effect of pro=-
ducing nommifornity of the £161d is mich less in & coil than betwoeen
two parallel wires becsuse of the sirong field associated with the coil,
Consequently, the validity of the above assumpbion extends to a closer



spacing for coils than for two paralle
said for coils of many turns as compared to coils of few twms. The
suthor has been unable o determine quantitatively, howsver, the limite
of validity of the assumption of a nﬂimrm field for a coil, Wt it seems
by the sbove reasoning that this assumption is more valid for mmltilayer
coils than for single-layer coila,

In order %o spply Bqustion 11 to & coll, it is convenmlent to neglect
helicity of the winding. Therefers, 1 may be taken to be the length of s
tarn and H the mean M,mﬁamﬁ»y to which & turn is exposed bescause of
the current flowing in the remaining twms, Although the curvature of
the eoil :l.a recognized in the determination of the field intensity, the
effect of curvature on the dec resistance of the coil is neglected.
Neglect of helicity and of non-uniformity of fleld and current in the
wire oross section permit the field intensity to be determined as though
all turns were filamentary coaxial rings. -

The magnetic field intemsity H at any point P due to & civoular
Mnmenisaf ourrent I is wasaaﬁmmatmmmmamma
as follows (see Figure 2): |

e ;{r , 1/3; &M{é&fﬁ b)2 [3» E e 3&]% » {12)

B 2 il [x: -Bnla e )@ g (13)

TETYR N7 TRy

¢l wires. Iikewise, the same may be
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Figure 2. Coordinates for Determination of Field Intensity at a
Point Some Distance from 8 Current Ring,

where H, & radisl component of H,
Hyg % axial component of H,
K% complete eflliptic integral of the first kind to
modulus k,
E = complete elliptic integral of the second kind to
modulus k,

ry k ab
K. (@ +b)2 + g2 2

&8y Dy and 2 are as shown in Figure 2.
The mpraaam for power in Equatdon 1l may now be summed over the

entire coll as followsi



¥

?g%l’: 6(x) % (27, i%i %z) | , @)

where i= ’ﬁm mmber {counting fmm a#e end o.i“k caii) 2
‘ ns muber of tumg per 1&?@?3
§ 5 layer mw {eounting from imnermost layer),
m & number of layers, |
b & rading of any twm, M
ffﬁwmméni fie1d on the wire axis of the i th turm in
the j th layer due to current in 21l the renaining

In sddition to the above power loss is the skinweffect foss, which is
identical to what would exist for the coll winding f it were straight~
ened, In Butterworth's notation, the skineeffect loss is expressed as

Pt w éﬂ% [3; + ?‘(xﬂ » | (18)

where I is the alternatingecurrvent amplitude. The direct-current re-
gistance of the coll is

Raeo “7’-};;57_- % (27vy) ; (16)

where r is the wire radins. Combining the losses P and P! and dividing
by $12 yields the following expression for the total equivalent resistance



Rone of the coils

m

772
%:‘T@{x) ZI (bj Z %’?’)‘ - Qan

Therefore, the resistance ratio for a coil may be expressed as

Z(bj 2'.'. Hy 42)
%‘*c:.: 14+ PF(x)+ % G(x) Q‘l 5‘”’1 4 . (18)

For convenience in computation this equation ig rearranged to read as

Lollowss

=, = (kr“ Hid)] (19)

=10 p(x) + 22 o(x) 32

an

The quantity
( i
l”“Y"_ " Hyy

is obtained from Equations 12 and i3 by summing all the components
squared as oblained for all values of 2z and a except for & # b when 2z # o
in other words, the contribution of the current in a particular turn to
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1/k inch pitch,
Copper wire with rubber«fiber insulation,

Shown below is & list of 35 coils that have been chosen from all
that may be derived from the above specifications.

Table 2. Coil Specifications for This Investigation

ﬁ'&ﬁm ] " e ¥ Wrmm! )
diameter turns per of

2-1/2  hu70*
3 | hu0*

1

.

3

b0 ~ L
| 1

1

3.1/2 | herd® 1

%’8316#333:?0%@13@1&,,&.

The first 20 coils to be studied differ in two respects, namely, mmber
of turns per layer and mumber of layers. The last 15 coils slso differ
in two respects, namely, mmber of turns per layer and the ingide diae
meter. Thus, it is believed that this selected list of coils is both
adequate Yo show the trend of proximity effects in coils and highly
efficient in the utiliszation of the data computed. Ths scheduls of
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asymptotic velue of the slope is just half that for the function F(x);
which is identified with skin effects These facts also explain the
stronger showing of this peculiar property in the curves for the muliie
layer coils, for the mean square fleld is part of the coefficient of
G{x) in the expression for the resistance ratio.

Two important checks on the agreement between the development in
tnis thesis and those of Butterworth and Aimmld may be mades Use of
Armi&" s formulas and auxiliary tables for the singleslayer coil having
70 turns an{i 2% inches diameter yields a resistance ratlc of 3410 at
20,000 cycles yér masmdﬁ In Ta.‘bie 6 is found for this coil the resise
tance ratio of 3.22, ‘which differs by 3.87 per cent from Ama}.d*a value.
Amrzg %he many ammza gases ﬂwal@ped by Butterworth was the ratio of
resistmca ina :mil to that-of the same wire in straightened form at
"Mﬂnﬁa fmqnanay‘u This ratio is a fictitious valne, being the limit
of the game ratio fw g findte f‘m&wy as ﬁm rrmmey mathmtica&ly
appmches infimity, without z‘egaré to tha trus physical piﬁ'bm, Tols
ratio may be ﬁab‘hained from the memlw m&‘ this thesis by si:i.viding
Equa‘bicm 19 'b:sr 'bhe expresgion for the resistence ratio of the coil winde
ing when straipghtened and e&rrying alternating mm% of the same fres
quencys :This latwr expression in Eﬁt‘t@?&t&rﬁh"ﬁ’ notation is

!/

R 1 RO | (20)
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Table 3. Resistance Ratios for 3 3/L-Inch Diameter Single~Layer Coils

b 8 6 32 70 oo
0 R R )

20,000 L339 2395 2569 2778 3.0%6 3275 36t
10,000  3.h92  1.739 1,355 1,995 2,161 2.326 2,317
5,000 2,469  L3L3  1.380 L6l L.SS7  L.653 L2
2,000 11,5618 1.070 1,089  1.111 1,138 1.16h 1.9
1,000  1.0k2  1.019  L.02h  1.030 . 1.038  1.045  1.055
500 0.,7809 1,008  1.006  1.008  1.010  1.012  1.004
200  0.1939 1,001  1.001 1,001 1,002 1,002 1,002
100 0.3492 1.000 1.000  1.000 1,000 1,000 1,001

*v&luaa in this column were &m;mwa frem formlas md dste
pu‘bliahsé by A. He M Arnold.
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‘:&blﬁ a' am, sty

Cps B h 8 16 32 70 00
| = - (Arnold)

20,000  L.939  2.3%6 2577 2,79 3,000  3.270  3.202%
0,000 3492 1740 L860 2,005 2270 2,323 2,357
5,000 2469 L33 1383 LA67 LSz L5l 100
2,000 15618 L.070 L.0% LU 113  1ad 3.19&
2,000 10k2 1019 .02 1.00  1.08 L0  L.054
500 0.7809 L.005 1,006 1,008 L.000 1002  1.01
200 0493 001 1001 L,00L 1,000 1002 1,002
100 0.9 1000 1,000 1,000 1,000 zg;ow 1,001

noe Ratios for 3 1/hi-Inch Diameter Single-Layer Coils

#alues in this colunn were comm taa m formlas and data
mbliﬁi&ﬁ by A, Ha M Mmﬁ;



Table 5+ Resistance Ratios for 2 3/L-Inch Diameter

Single~Layer Coils

Cps n 16 32 70 )
(Arnold)

aﬁ,ooo 1;&39 MW w&h 2,808  3.048  3.284  3.256%
10,000 392 L7h0 14865 2,015 275 2,33 2,332
5,000 2469 1.3k 1,386 1473 14565 1.6k5  1.68h
2,000  1:5618 1,070 1,090  L.1il L0 1,162 . 1,188
1,000 1,10h2  1.019  L.025 14031 14038 1.0b5  L.052
500 0,7809 14,005 1,006 1,008 1,010 1,011 1.0l
200 0.4939 1,001 14001 1,001 1,002 1,002 1,002
100 03492 14000 14000 1,000 1,000 1,000  1.001

"”’Valn@s in this column were computed from formulas and data
published by AL Hy M, Arnold,



' Table 6, Resistence Batios for 2 1/l-Inch Diameber Single-layer Colls

a;sa\ kL
) % ’

16

32

70

0
{Arnold)

204000
10,000
S;Gﬁﬁ

a’ﬁil

1,000

500
200

‘ hﬁ939

392

2,469

15618
1.10h2
0.7809
0uki939
043492

2397
1740
Le31h
1070
14019
1.005
1,001
1,000

2&591
14870

1.309
14091
14025
14006
14001
14000

2.820
24022
1eh77
l.116
1.032
1.008
1,001

340kk
24172
1456k
1:140
1,038
1.010
1,002
34000

3.221
24290
1.632
14158
1a0kk
14012
1.002
1000

3.20%
24301
1.665
14179
1081
1,013
14002
1,001

#Yalues in this column were computed from formulas and data

published by A+ Hi M. Arnold.
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Table 7+ Resisbance Ratios for 2 1/li-Inch Diameter Twoelayer Coils

Cps

70

20,000
10,000
5,000
2,000
15000
500
200

4939

3eh92.

2,169
1.5618
1.30k2
07809
04939
0,392

L.103

24680

1.973

1.253

1,070

1.018

14003

1.001

5uli20

o 3*?59
2.l81

1,393
1.109
1.026
1.005
1.001

64792

L4676
3.0
1.540
1,151

1039

1,006
1.002

8.010
5.L89
3.482
1,670
1,187
1.048
1.008
1,002

Buk3

6112
3.8L2
14770
1215
14055
14009




Table 8. Resistance Ratios for 2 1/l-Inch Dismeter Th:

Cps \ i . , » " -
x

20,000 1939 5.965 9,300 12,509 1SR 17.918
10,000 392 begh  6.217  Buigh 10,526 12,108
5,000 2,169 2,692 3.903  5.219 639k 7.307
2,000 1.5618  LbS2  1.786 2,151 2,476 24728
1,000 1.0k 1426 1220 L322 La3 1ok
500 0,7809  1.032  1.087 1,083 1,106  1.125
200 0939 2,005 1,000 L0133 1,017  1.020
100 0,392  1.001  1.002 1,003  1i005 1.0




Pable 9« Resistance Ratios for 2 1/L-Inch Diameter Feur-Layer Coils

ope \ L 8 16 32 70
x

20,000 K939 7775 13,180 19425 25,135 294672
10,000 3492 5,332 8.9k3 13.1h  16.988  19.957
5,000 2.469 34391 SA78  7.H90 10,096 11,848
2,000 1.5618 1645 2,222 2.889  3.499 3.98)
1,000 12062 180 1,342 14529 1,700  1.836
07809 1,046  1.088  1.336 1,380  1.216
200 04939 1007 1.0l  1.022  1.029  1.035
100 0.3h92 1,002 1,00 14006 1.007  1.009




Figure 3. Resistance Ratlo for Singleslayer Coils.
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Figure L. Resistance Ratio for Single-layer Coils,
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Figure 5. Resistance Ratio for Single-Layer Ccils.
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Pigure 6, Resistance Ratio for SinglelLayer Coils.
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Figere 7. Resistance Ratio for 2-Layer Coils,
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Figure 8. Resistance Ratio for 3-layer Coils.
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Figure 9. Resistance Ratin for lelayer Coils,
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Perfomming this ddvision and taking *bhe limit yields the following
equation as desireds | |

Although the functions F(x) and G(x) approach infinity as a limit as the

R

in i
e Z__ v 22
F-slefl JBLE 13

T (bg- ,Kﬁ_;;)_?_

7e1

frequency appréaehw infindty, the ratio of 6(x) %o F(x} agp#ﬁaahw r
85 a 1imit, | Bt |
 Bince Bu%awarth?& "infinite frequency® datall are gvailable only
for singlewlayer coils of finite leéngth but baving an infindite mmber
of turns, it was found necessary to plot the resistance ratios obtained
by Baquation 21 against the reciprocal of the nuber of turns for a group
of single-layer colls having the same diameter, The 23-inch diameter
coils wera chosen, and the results are shown in Table 10 and Figure 10.
The ¢oils nsed in %his thesis have & Wircwd

ametorstos pitch ratio of
0,511 The corresponding interpolated value of resistance ratio
Ry ofR! from Butterworth's Table 6, page 703 (Reference 11) is 1.97,
which i ‘pwzzﬁm in Flgure 10, It can be seen that this point forms a
conbinuous mm of the curve @1&%& from the data in ‘fébla 20,
Tt is interesting to note, however, that the same point computed fram
imold's formilas and dsta is 1,76, which is unexpectedly low, This
diperspancy is believed attributsble to the fact that Arnold's formulas
and. tables were based on Butterworth's &miamm for coils with an



Table 10, "Infinite = Frequency" Values for 2%-Inch
Msmaw Single-Layer Coils

Number

of turns 1 Rane (0ot1)
n bt W (akineette
0.2 1,252
8 025 1383
16 © 0.0625 1,53
32 o.0mes 1,687
70 0.0129 1.806

infinite muber of turns, Amold having nodified these dsvelopme
Lespirical means for ¢olle with a finite mumber of turns, ?:hua,

pon £ ',‘@:wsz from the bam known work of others seems to
ﬂmiﬂ. fm:' the ﬁhmmmal éwmmta proposed :m this %hwim There
mﬁm %o ba ﬂhmmﬁ vanfirmation haa mz'm :m a&mﬁmm
s’budé.eag‘




Figure 10, "Infinite~Frequency" Characteristics of
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Choice of Test Equipment

As indiested sarlier, the coils ¢hosen for t&:s.s thesis were wmmd
with heavy copper in order to emphasize the phenomena of skin and proxe
mity effects in the andio-frequency ranges This cholece, however, re=
sulted in coils of extremely low resistance. A thorough search revesled
no ;mmm mmmammm designed for this partieular range of
vector mmtmm A gtudy of many ‘bridge esﬁ.mui.m indicated that the
chief limiting factors for the most wemi#ing mm were availability
of sufficiently amm% gtandard impedances m& the reqirement of an
uizmaiy large smount of tuning capacity.

ongemently, it was & fortunate coineidence that there wm fmnﬂ
maamnfwawwmmmwa - & Impedance Bridgs.
?Wﬁl&mg%amﬂw mm,wmhmmmawmm@mw
bridge. Because this circult alse vequires an extremely large amount
of tuning capacity, it was necessary to abandon the idea of testing sll
but the largest coll wound for this investigation. This bridge, however,
fulfills the r‘m‘&mmka of aﬁm@ﬂy mmwt sbandard impedances.
As shown schematiocally in Figure X1, the cirenit censists of a balanced
trepaformer with two center-tepped secondaries. The primary (not
alwwn) is exoited by an oseillator. The standard and unlknown impoém%a

oted as shown and ave easlly interchanged by neans of L 1




Sl

S}

N
t ]
N
]

Z?a

‘ N
oe-—d o femeuad
~ ‘

. Figare 1l. Hybrid-Coll Type Bridge. -

" VVWit.t»ehzi,ng mmg@aen‘bﬁvﬁ.ééd in%sh@ : equimenm Two ‘t:a;?:‘abmtadf o
de’éacies, one resistance and t&m other #a;m:ime@, are also included
in the éqaipmm;, The wit,chmg am-angamenh provides many circult conw
ﬁgur@mns; thus maklng the bridge very versatile, The following come
binations are avallable:

The second combination was used for this investigation. In additdon,
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Figure 12. Impedance Survey of Bridges

Consider the two halves of the bridgs as A &nd B with in

elestromotive force Ey associated with the A half and similar velues
% and By with the B half, Let the unknoun 1

mosdancs zx b hmeaﬁ



in the A half by a standard impedance Zg in the B half. Then it follouws

that

(22)

W m
whence, o ‘ P

a&«%%(zxwﬁ)*zg. (23)
If By and Ep are assumed equal, am eatimste of Zy wam be

Zx Zg * 2 = 2. - | . (2l
auéétitugiaﬁ for 2% yields the equation

Zx“%% *%—%‘ Zy o R ‘(25)
n'theunmmwm@azxmmmmmwwwa standard ime
pedance 2: in the A half, eimilar rélatimsmps to those above are obe
tained, and a new estimate of Z, is

o TR @)

The arithmetic mean éi: these two estimates :m

T *+ 2
(27)




2 . BBy )2 |
1/ "2 ’J +2 gAEB )(E -E2%) - (,._&,.f)i) EEZ7Z. (28)

EpEg

Since the errors may be assumed as small, the above equaliion may be
closely approximated as | |

&
A2 . ¥ e A (ﬁ:gz3 - 5%,) . (29)

Further study shows that on the average a better estimate of Zy is
formed by taking the arithmetlc mean of the two mesns already obtained
than would be haé by either the arithmetic mean or the geometyric mean
alones This practice was followed in the processing of the original
data. In additdon, each original reading was repeated twice, ylelding
three estimates of %, for mh Qf‘ the two bridge arrangements. The
arithmetic mean of these estimates was taken and used as data for the
process described above, These original estimates differed from each
other by 3.2 per gent or xma, the yms deviation belng 1.23 per cent.
It is believed that the final determinations of the coil reatstance at
the different frequencies tested are as free from error as is possible
yithin the limitations of the equipment used. As stated earlier, the
1ce of 590 microhenrys and a distributed
capacitance of 2575 mioromlcrofarads.® Therefore, the error due to

mﬁ.ltaa%dha_am Lnduot

#Mhese values were determined by means of & Boonton QuMeter between
250 and 370 ke.
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distributed capacity is lese than 0.5 per cents
Interpretation of Results
Table 11 shows the experimental results, which are also plotted

Table 11¢ Variation of Resistance and Induetance
‘ with Frequency ‘

Skin-Effect Coil Resistance  Uell
Frequency Hunber Resistance Ratio Inductbance

ke ’ ‘X ~ohne Rﬁwﬁﬂgw /“ b

20 939 3,008 20,7 628
B Lem o 2689 133 63
10 3092 2,076 .31 635
8 2,69 1,496 10.32 618

1862 0.5 1,408 683

in Figure 13. The mra%iaal ourve is taken fvom Figare § for com-
parisons It can be sgeen that there is f:_maidnmme departure between
the experimental and theoretisal curves, besoming 32 per cent of the
theoretical value #‘!s iIw5, ?hm is also a diuwmy between the
inductance determination by means of the Boonton Qemeter and the date




Figure 13« Resistance Ratio for lelayer Coll of
70 Turms per Layer.
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in Table 1l. A simple calculation shows the internal inductance of the
wire in the coil to be 3.5 micrchenrys. The total inductance of the
coil cannot ch#nge by move than this amount throughout the range of
frequanaies employed in tm *i:héﬁié. 'Themif‘mré, these discrepancies
even within Table 1l camnot be explained by change in internsl inductance
alone,. |

The data for Table 1l wéere gathered after expsrience with the use
of the hybridecoil bridge had been gained, but comparisen with data
taken a week earlier shows a remarkable smimilarity. See Table 12,

Table 12, Compawrison of 0ld and New
Inductance Determinations

Frequensy 01d New
ke M pMh
20 629 628
15 6l 643
10 635 635

5 él9 68
2 682 683

ent between the two sets of values, the elapsed time of one
week between their agcunmlation, and the fact that each old value was

a mean of ten observations while each new velue was the mean of gix



¢

observations, would hardly support the contention that the peculiar
varia‘hims in Tsble 12 were a coincidence. Ifforts have been made to
deternmine the possible causes of error in the experimental arrangement.
Although the capacitance decade had ‘bém‘z c:hecked for leakage and found
satisfactory, a mathematical check was made on the data for such an
affect bub none was found, The audio oseillater had been calibrated
against the available 10sko standard and related frequencies, The ree
maining unknewns sre the capacitance decade calibration and the stray
impedances in the test oireuit, The calibration of the capacitance dew
cade is believed to be sufficiently satisfactory to preclude the
capacitance readings as a source of error., Hence, it seems that both
stray impsdances gmi stray energy couplings must account for the
exporimental differences fyrom theory, Although these stray phenomena
have not been fully identified, they were consistently present throughe
out the tesis and affected those portiong of the circult that were
switched when the coil and the standard impedances were interchenged.
Therefare, most of the diser

epancy betwsen the two curves in Flgure 13
appears to be due to unknown experimental errors.
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Arnold accomplished this extension by semi-empirical means, The efforts
described in this the&is were toward the goal of finding suitable fore
mlas for predicting the resistance ratio of multilayer coils in the
mxdﬁ_e-freqmmy range. | |

It was found that well below *ﬁhe natural frequency, coil Josses
may be raughly ﬁivided into fmr gmupé s namely, (1) losses based on
uniforn current ais‘trim’mon, (2) sidneeftect losses, (3) those due to
a uniforn altemsting magnetio field, and (L) losses due to & field
that 1s not wniform. Bubberworthll has shown that the total loss in a
coll is the sum of these componentse For colls m& are not too closely
wound the effect of field distortion may be nﬁglwiad as was &um in
this thesis. ,

‘The use of IBM equipment solved the dilemma of chocsing between -1
.i‘mitiam search for simplifled estimates of the mean square field in
a mltilayw coll and the labordous job of mcumtaly camputing this
velue. A largs selection of coils was mads, and thelr specifications
were punched on IBM aaz‘dm Instructions based on exact {to & high ,’
order ‘af approximation) :t‘nm}.as for magnetic fleld strength werse also
punched into IBM cards, The contribution to the field on the wire
axis af any turn by all the other turne was computed and the results
sumed vectorially, The mean square fisld of the sntire coil was obe
tained by summing the squares of the field atmgﬁh of each turn, This
information was used for calculating the ‘méisﬁama ratio as a function
of frequency on the basls of the formula developed in this thesis.



These resistance-ratic data were compared to the work of Butberw
worth and Arncld and were found to be in good agreement, Experimental
confirmation is incomplete for lack of adequate facilities to measure
the extremely low resistances of the chosen coils. The one experimental
curve cbtained was for the four-layer coil of 70 turns per layer, and
this curve depsrted from the theoretical curve by as much as 32 per
cent for a value of 5 for the skinesffect nmumber. The explanation for
this discrepancy betwsen theory and experiment ig to be found both in
the unsolved problem of field distortion and in the need for a satis-
factory means of determining the resistance component of a highe
reactance lowwresistance coil, The sound theoretical foundation under
lying the developments in this thesls as well as closge agreement with
the theoretical work of others provides the bagls for believing that
a substantial contribution has been made to an understanding of the

subject.
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Figure e Infinitely Leng Qmmemng Cylinder in a
Magnetic FPields

origin, the angle between the line UP' and an arbitrary reference axis
through the origin and in the réf@renee plane is designated as 6. Thus
any point in space is completely identified by he quantities r, ©, and
%. In accordance with the atatement of the problem the magnetic field

is represented as
B2 4, + Aol o (30)

The symbols i, i, ;md ig are three mumaily perpendicular unit vectors
forming a z*igh’b»hanﬁ systems ZBach wnit vaﬂw &Mnéa in the direction
of maxi;m ;tnwease of the vayiable indicated in the aubscript.
Emmtians 5a and 30, when ﬁmﬁbimﬁ, show the vector E to consist
of only one component, which is in the axial direction and defined by
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the relationship
Bye 2B 1 Sweenpe f
a",,m-.;%ﬂ z "‘5“?”% ()

ansion of Equation 5b with the kmowledge that By » B 2 0, ylelds
the following equationst

%“‘é‘%#wﬂ SK»{ | | (32a)

By 3 He
S s o (320)

Elimination of Hy and Hg from Equations 31 and 32 leads to the fundamental
relationship for any time.wise variation of Eg

O%y 1 OE QEs 1
3¢ | F ;5333*/“"””. (33)

Since E, is assumed to be & sinusoidal function of time, Equation 33

is changed to mﬂ

d% |
241 33“ % ,sw,«f%o (3)

32 'F ST

A solution of Equation 3 is

. By 5 E' cos md 4+ B ginn 6, (35)



where E! and E® are functioms of r only. Substitution of Equation 35
into Equation 3L yields twe equations, ons of which is

% . 1 om . (R . v | ,
and the second of which 15 the same with BY substituted for E', These
are Bessel equations of the nth order and have the general solution.

B rabdn (Ar) 1Y, (A, (an

where J,, and ¥, ave n¥ order Begsel functions of the first and second
Idnds, g%@%%%» of the argument A ry, and »ﬁ.@ and T,' are arbitrvary
constants. The quantity A is defined by

A2 sjwpa s (2)° | ()

and is thus amu@«am to:the aﬁ&w@w?a& number x defined in Equation 3.
 Since B' is finite at all poimts in space but ¥, approaches infinity
— w%nﬁwaga zero, it follows thst T.' is zeve, o
" Because 7~ is finite ingide the cylinder end zero outside, the
m&&.&.ﬁ - o | | |
C Bem L (An) a1)

is only for inside the cylinder. Outside the cylinder Equation 36

‘becomes
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25t 3wt 'ia" o
9 E L1 M&?%.wzga‘ : (36%)

a;z“* *r o9r
which has the solutions
B s By 1nr + C (neo0), - - (3%)

2 Bh M+ Chr*® (n g 0) . )

The quantities Es and »%éﬁ are coptinucus at the boundary of the cyle
inder, Therefore, the solutions of Equations 36 and 36' must agrec at
the boundary. Accordingly, it follows that

8 0o (A a) 2By na sl , (hoa) ~

M (AR rmach et mEo), )

b3 (Aa)e Bo/2 5 (40c)

ALy [~:\;’f‘-§- 3, (Aa) + 3.5 (A ag}
Czobp @™ o ngh el (g o), (boa)

where 4 1s the yadive of the ecylinder. These four simultaneous
equations permit the reduction of the number of arbiirary constants
from six to two, For later convenience the constents B) and B) are
arbitrarily retained, and it follows that |

Abe_Bo (k1a)
Nadvtxar ’
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@3 5! By JG (/\ a) “B! Ina (h1v)
(/\ a) |
t’ ® ?@ Bn 'ﬁmi

. (n# {a
Adpay (A 2) 80, | (1)

%*&ﬁn%m (n,l o). (hid)
n..a_ (A a)

Equa;iiom 36 <i1, inclusive, hold for E" as well as for E! except that

double primes replace single primes.

A more general solution of Equatdon 3L is a Fourler series com-

posed of terms as shown in Equation ‘35 « Aecordingly, it follows that
inside the oyiinw |

E, (inside) 3 20 AT 2 5= B8 3(A 7)) cosfne + atn)

Aadp (Aa) A% W& TEE(X )

(b2)

and outside the cylinder

B, (emtamu) £ B, Jol ’\ 8) # ln»"‘]

/\aJo(/\a:? 3

+ Z B, [}n + gh («%}n WJ&# (ne + &n)a
ni1 Jn«*l (/\ a)

(B3]



(Lk)

x. = ntan“:"% . - (Ls)

. Eqmmms 32& and 32b for simusoidsl time variations becoms

K ;
H,. 2§ s w,ur 3 iﬂ ¥ {4i6a)
| HyEa a}/u fjf” T (46b)

Substitution of the sclutions for I, into these last equations ylelds
the solutions for the magnetic field. Accordingly, inside the eyle

- -
(inside) = 3 2 n° Byan In( A 2) gin (o + Xn)
N S I T e
(1)

§
H  (inside) g~j —2 Bodo (A x) 2 nBpd” I (A7)
® WHoa 3 (Aa) ” ;ﬁzgl Joq (A a)

cos (ng + %)] s (u8)



Tho

and outside the eylinder

[rnun(%)"ém Inel (A a)

nel dnel ()\a)
sin (0§ + & ) (L9)
and
Hy(Outide) s [,,.M a2 a0 (O],
nel gm’i T (Xa)

cos (n + a’nz} . (53)

These expressions for the electric and magnetic fields show Eg, H,,
and H, to be contimious at the surface of the cylinder as required by
the boundary conditions and agree with the resulis obtained by
Butterworth.10

By Poynting's theorem, the instantansous rate p of energy flow
into the cylinder is

f‘ma.m . (51)
2

Sinmﬁgisﬁg, ﬁ:%* g, and d 5 # 1,100 for a length 1 of the
¢ylinder, it follows that

3 - / (3gBg)x (LHy + iH,) o (ip ald8) (52a)
B

z el / 2T (1eBoHy ~ 18H,) o (1,40) (52b)
) o
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, e :
2 8l B Hede watbte, (52¢)
0
where By and Hy are instantaneous qantities evaluated at the surface
of the cylinder. For timesaveraged power Pyy due to sinusoidally
varying fields Equation 52¢ leads to the expression

% S ~
Pov = % (B H, + B H )do watts, (53)
o

where ‘Eg md Hg ar@ now aampm quantities and E, and %’o the conjugates
of Eg and Hy, respectively, all evaluated at the surface of the cyle
inder. When r e & in the expressions for E, and H, (both inside and
outside), the following expressions are obtained:

Lo (Ae) L, 2 ST mwadin(Aa)
Aa sl As) As T3 T (Aa)

cos B+ &),  (5h)

Hy 24—t B, WZW‘W*(“) wa(nﬁ*“Z] (55)
wMa n=1 T
ml(AE)

Tt is convenient at this polnt to introduce new symbols for the
sake of both brevity and clarity. Let

2’ Jo{ A &)
® Xadh (As) » (56)




76

X s Inel ()s a)
n

Then, the expressions for E, and Hy becomet

By & Bo o * Z'iwn (1 Z ) cos (n6 + ap) (58)
0o '
aﬁ“f*m[ﬁ@*n“l a"(lwl)m&(neé“)] (59)

The integrand in Equation 53 may now be expanded and the terms grouped
aecmré:iﬁg to the functions of 8, Four groups of terms will be found
as followss
(1) Terms free of 8,
(2) Terms involving cos (n® + &) alone,
(3) Terms involving cos (md + &) cos (08 + &) (m # n),
(L) Terms involving cos? (ng + &),
The corresponding integrals listed in the same order are as follows:
@) ar
©

B2, (60)
e
(3) cos (r-\é + “n)da ® 0, (61)
5]

m
(3 [ vos (M8 + %) cos (10 + X )0 w 0 (m F n), (62)



i
e
() cos?(no + X)) o T, (63)
o
Substitution of Equations 58 and 59 into Equation 53 and utilization

of the integrals jusi 1isted vields the following expression for
average power per unit length of the cylindert

B oo [s (1o % ]ém@n@(xwinﬂ}.

In order to make this new maien more useful, several changes
of varisbles will be made, First the B's, which are not convenient
for either use or interpretation, will be replaced by their equivalentis
in terns of the Fourler coefficlents of the undistorted fleld. The
expressions for the undistorted fleld are cbtained from Equations L7 -
50 by letting o~ end, consequently, A apprm zero &g & limit. Thus,
the follewing expressions are obtained:

H, (inside) (undistorted) s-3 — ’;‘ = Wl sin (n6 + &), (65)

o (inside) (undistorted) w-j .3 _ [Be/ 1
. whe " nzu Sl

con (mb+ @) ], (66)



8

H, (cutside) (undistorted) s -3 _3 NH Byr™t sin (00 + & p),
WM ns]

61)

o 0
Hy (outside) (undistorted) u -3 %M\ww‘, M.... Bl

“p

It is interesting to observe that the expressioms for the undistorted
magnetic field both inside and outside the conductor differ enly in
the By terms. These two gasm reprasent both the internal and external
fields resulting from a uniform current density in the conductor ite
self, OConsequently, the qumtity By is related to the wgwﬁéwaa of
an isolated conductor carrying curvent.

1f the vonversions

Bo = J WMK, o - (69)

and
j wm En
By = \:a

are made, Equations 65 « 68 become

(70)

Hp (inside) (undistorted) w Mw ma%“_. sin h% + &), {7
nw A ,

oQ
Hy (inside) (undistorted) w wm.. + Z . Egnl gop (@ + X, (12)
L nsl



79

: -]
H, (outside) (undistorted) s lenr""?‘- sin (no ¢ & ), (73)

Hy (outside) (undistorted) = % » r%lxnrml oos (8 + %y, (71,)
These last expressions f@r the undistorted magnetie field are the most
convenient for a Fourler representation.

Hext, let
Anebaedla. (75)
then, ‘ -

Vand

Anebatd¥a, (76)

and

3(To-,) a2y, . o

Substitution into Bquation 6 of the relations indicated by Equations
69 = 70, and 77 yields the following expression for average power per
unit length of %ha eylindert

P o =
“'%’?" e 1‘7(“)/“ {Eg V’@ + ﬁ ;% 820 y’n) watte/meter, (78)

This equation is the a&af objective of the analysis just completed,
for ﬁ:ﬁ expresses the aéﬁynmmt lmaaéa in an infinitely long cone
ducting oylinder (on & per meter length basis) in a simusoidally vary-
ing magnetic field that is both novmal to the axis of the cylinder and
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invariant slong this axie. Moreover, this expression for power is in
terms of the radius a of the aylinder, the angular frequency ¢ , the
Fourier components Ko 3 2..,.,,,, Of the magnetic field, the magnetic
pernesbility M of the cylinder, and the functions Y 01525000000 of
the skin-effect number x, which is defined by'EQﬁnxian 3+ The natuve
of the functions ¥ ¢4 2 .,,.,.,.Wi1l now be shown by combining
Equations 56, 57, and 77 and. recalling mqua%ian 38, The following
equations are standard definitions as found in textsl8 on the subject

(x = X when r 8 a)s
Jo (A @) ado (332 1) sverx+ J0ei X, | 79)
3o (A )2 572 (et x4 g vatr 1, | (80)
Jy (A 8) g bery, X + § beiX | (81)

" Therefore,

' | (82)

» e ¥r ey 10 (63)

y4

~

and ZQ, and ¥ pn are likewise reprasented except that the sign of J
is changed. It followsthat
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-3 [ber X bei! X -~ ber' X bei X | @)
fo=x (bert 1) + (neit 1)2 ! -
, beroey X bat. 7 X = ber,.y X beier v L ,
Y, = 2nn e nel X D1 X (85)

(beray X)2 + (bely; X)2

Tt was stated earlier (see text immediately following Bquation
68) that the quantity By i& related to the pmpai*ﬂ@a of an isolated
Mndm‘wr mmﬁng mrrmt; Accordingly, the quantities K, and z o
are also related ﬁa thi= tase, In fact, the external magnetic field
of an isolated conductor cavrying current is X » hence, Ky w _ 1L

T L
and Ky = 0, From Equation 78 it is seen that
Loy a.é‘ﬁ.&ﬁ_ Vo » (86)
1 4 e

Pursusnce of this example shows that the ratio of resistance to an
a&.ﬁamatiﬁg surrent to the directecurrent resistance is expreased as

M / gl*?(x)ux
Rgo 2 y/a 2

3-; . (87)
This ratio has been computed and tabulated by a number of authoritiess
the form 1 + F(X) is used by Buttervorth? and the form X ¥ vy
Rosa and Grover',

If the alternating magnetic fisld of the general analysis is uni
form in strength and direction, there 1is only one component, namely,
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APPENDIX B
smam of Computations for Determination of the
- Resistance Ratio of Selected Coils

mam information from the theory
outlined in the text, the following computations were performed by
IBM equipments |

(1) Computation and printing of the individual contributions of

In oerder to obtain the maxi

all the rmimng turns to the Hp and Hg of any turn,

{2) Suwmmation of the Hy and Hy contributions algebraically in
order to obtain the resultant Hp and Hy, respectively, for each and
every turn in the coil, Since the data of (1) were computed for a
total of L layers and 70 turns per layer, these data were summed in
various smaller groups corresponding to varions smaller coils.

(3) BSummation of the total field squared for each turnj thus,

Hy? e (200" + (21 | (92)

(h) Summation of the ﬁws for each coll configuration.
(5) Computation of the ratic % for all coll configurations

at the sa&@t&d‘fmqumeiam
Theee calounlations were programmed in the following manner:



8l

(1) galculation of k. The *&gmssi@n zor i given earlier is

¥ g o w . . o | (92)
 (a+b)R 4 g2 , |
This equation shows plainly that k is sysmetrical with respect toa

and b, The chosen values of a, b, and 5 are as followss
& » 9/8, 11/8, 13/8, 15/8 inches,
b s 9/8, 11/8, 13/8, 15/8 inches,
2 8 0, 1/ky 2/Ly 3/hy mmm; 69/ inches.

These sets of values are to be used in all possible combinations exe
cept as noted below. Aceording to the nunber of values of the
 parameters chosen vmﬁ to the symetry Just noted, there appears to be
a total number of 700 values of k to be computed., Since, however,
the influence of a turn upon its own field will be excluded {in this
case a # b and z = o), the number of compubed values of k is reduced
%0 696, These computed values of k may be tabulated for convenience
as shown in Table 13.: ‘ﬁm quantities j, J'; and i' correspond to b,
a, and 8, respectively, as shown in this table.
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Table 13.

Suggested Arrangement of Data for Clarity

/8

§o55-§

o8

T

s

M e O

7

@Ww%: M .

13/8

3

oS-

69/

1578

i

e

69/

.

Aeem. of
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Table 13 {concluded)

b 3 a

| Bame as
for J«i
Jte 3

13/80 1 gfm

Same as
for jw2
33

13/8 2 11/8

s
o WS 0 S ha e |

—

SRS SR

13/8 3 13/8 2
3 2/
4
T 70 69/h
13/8 15/¢ 1 0
‘ 2 1/h
3 2/L
¥
| 70 69/4 _
15/8 1 9/8 1 0 . Same as
2 1/ for j®1
3 g/h Jte Ly
H
| 7069/
15/8 2 11/8 i 0 Same as
| 2 1/ for jw2
$ ¥
ﬁ o 70 69/ ,
15/8 3 13/8 0 Same as

1/k for j=3
2/h e iy

15/8 L 15/8 | 1/k

=3 _
£ W MO - P
o
>

3
_69/L

-t
3 -
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~ {2) galewlstion of K and E. The quantities K and E are comw
plete elliptic i;ztegra&a éf;‘ the first and second k'indu,’ respecs
tively, both to the modulus k. There arve a muber of tables
available, the most extensive tables being those of A. M.+ Legendre
(London, 193k, Cambridge University Prees).® The computed values
of K and E can be tabulated in colwmns adjacent to the values of k
in Table 13. : . | ,

(3) Caloulation of %ﬁ’_ u‘,‘ m&iﬂ’_ m.m For convenience the

ratio Rawe is expressed in terms of 1‘ 7/" Hij, Therefore, Equations
R&»a

12 and 13 are resrrvanged to read as follows:

#The tables ammny ma were in H. B. Dwight's :mhammml
Tables, MeGrew-Hill Book Uompany, New York, 19hl, pages 199~

*‘*althmugh these aquatimn and those that follow are in
rationalised MKS um,w, the actual computations by IBM facilities
ware based on inches, This discrepancy disappears in the final re«
sults because enly ratios are invol ved.
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S —
(4) Caloulation of 5 — = (’”‘ ) 2, a1

of coils. These calculations are the most tedious from the view-
point of keeping details straight. For the sake of clarity the follow-
ing subseript notation is adopted:

i » identification of a given turn (in a partioular layer)
whose fisld is being evaluated.

J = identification of the particular layer in which is located
the given turn whose fleld is being wa:‘:.uam,

i' and §' = similar identification for the remaining turns which
contribute to the fleld of the given turn, |

This notation is oomsistent with that given in the legend following
Equation 1k and used in the headings of Table 13. The vode i is
mumbered sonsecutively from one end of the goil to the other, and the
codes J and J' from the innemmost layer to the cutermost, The cods i
is mubered consecutively from the turn whose field is being explored
(11 2 1 for this twrn) to the last turn at mﬂghﬁ«h&nﬁ end, The
following caleulations for the largest coil ave deseribed in a mamer
consistent with the above ’mm%inm Por any turn 4 in the layer j the
square of the magnetdc field may be written as



9‘1- %ci‘** 335*3 * z X : LI— ﬂﬁi&d!&

3’#3‘ | Fal :L*-s.z

4»2_’4 -4 | 2 .

‘ 5 "
Tl Taiv li‘f“ﬁwa*s . (58)

‘E'h:'ia eﬁz*iu e&“ mma%ma is 80 wri%m ag to take full meaga of
ing symmetries that were dawmmé ﬁ&?ﬁiﬂra Thus, because

turns located axially symmetrically with respect to the twm in quese

tion eontrdbute equal and opposite amounts to the H, of that mm; all

such cancellations are made and those tems omitted m the summation
in the firet pair of wm%hﬁm in Equation 95; Becasuse turns located
axially sysmetyrically with mpwh to the turn in question contribute
equal amounts of like sign to the Hy of that turn, the second pair of

entheses includes three terms. The first term sums the influence
of turns directly over and under the ‘mm In question; the second
mmmmﬁmwm mmmmaarw;mm
third term suma the influence of the mmx&ng turns .

%ntm%t&ammw parentheses on the right.
hand side is omitted when i 5 1, mm% i*&ﬂ?ﬁ,ﬁ:&,mﬁw
aingham%mbmvmtmmwi*lmd?& i contains only one
term, namely, that for 1i'
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8ince the above equation was written for the largest coil and
since the remaining coils +o be studied are identical to portions of
the largest ‘aaﬁ.l@ the expressions for ( k‘%’” Hi&!)ﬁ for the remaining
eoils will contain corresponding portions of the terms in Bquation 95,
A general expression for the first 20 coils specified in the text,
that is, those having a common inside diameter but differing in the
number of layers is as follows:

( ) n m«l»»s. | | })ﬁ n ’
LI L -
( o1 e “‘*ﬁ* iy + 32; LT mgar=1)yy
" 3

,m mw.

‘s ﬁ i }r Faargrg + 22 Lr«**wa's) ) (56)

where m 1s the mmber of layers and n the number of twms per layer

=1 g ﬂi&}

in any given coil., Whenm & } and ’n ® 70, Equation 96 reverts to
Bquation 95, The swmﬁ term in the second pair of parentheses on
the right-hand side of Equation 96 is omitted when 1 % 1. When
i?&%, i+1®n+1~1, and the two series between the limits 1 + 1
and n+ 1 » 1 contain only one term each, namely, that for i} ?‘-E%M 1e
A general expression for the remaining 15 coils is as follows:

n+le-4i ’f'
(Lf‘”‘:ﬂ ivui*xB'Y“Km’J’J) (ﬁy"f“"ﬁ'é‘é



gl
n o+ 1 -4 , 2 .
a,t i+l "‘Z’C"HM'J‘) s M
WMX’Q 3, -4 3 o 23 }j and h’ Wﬁp&ﬁtﬁ.‘?&ly, }?m!’ the R’%—-; 3“‘, and ﬁ‘mh
insidewdiameter coils, ,

The quantity (5.%; uu) : is to be computed for every turn
(1=21,2, 3 m;§m3u1 to m) in half of each coil (as obtained
when cutting a coil by a plane pwmdmw to the axis and midway
between the ends), Symmetry shows the other half of any coil to be an

imga of the first half, Then Egquation 19 can be mmﬁd 4o read ss
fanmss' |

%”la-l?(x)*&rﬁ @{K};ﬁl[g T Rijk ,
5*1

When thf& mms:bﬂm

R % (k% iiié) 2

is performed for each of the 35 coils, Buation 98 is ready for final
computation of the resistance ratio. The accompanying table gives the
pelected values of frequency and the corresponding values of the skine
effect number X and functions F(X) and G(X) that are to be used
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in Equation 98, Oompletion of thewe computations and tabulation of
the computed data consbtitute the burden that was borne by IBM facilities
at Iowa State Collage

Table 14, PFunctions for Study of Skin and
Proximity Effects for #8 Copper

BkineBffact

F(X) a(x)

10 © o.a10k2 00000007713 0,00000232l

2000
5000
10,000
20,000

0,15618
0.2469
0.3492
0.4939
0.780%
1.10L2
1,8618
2,469
3.h92
L.939

0.00000309%
Qs 1935
0,00007Th)

0,0003058
0,001934
0,007695
0,0302)
0,1685
0.4891

1.022

0.000009296
0.00005806
0,0002322
g.masasaf
0.005750
0.02829
0.07952

0,2875

0.L972
0. 7hlik

For X 2.2, F 2 ..

For X 1.7, ¢ =
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* = 0,1285 x 2.5L x 1]2 x 0.01 & 0,00163195 meter
el x 107 7 weber per meter-amperesturn

g% 5,800 x 107 mhos per meter

Xwp2NHEET % 0,03492 VT
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